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Integrated white noise disturbance models are included in advanced control strat-
egies, such as Model Predictive Control, to remove offset when there are unmodeled
disturbances or plant/model mismatch. These integrating disturbances are usually mod-
eled to enter either through the plant inputs or the plant outputs or partially through
both. There is currently a lack of consensus in the literature on the best choice for the
structure of this disturbance model to obtain good feedback control. We show that the
choice of the disturbance model does not affect the closed- loop performance if appro-
priate covariances are used in specifying the state estimator. We also present a data
based autocovariance technique to estimate the appropriate covariances regardless of
the plant’s true unknown disturbance source. The covariances estimated using the
autocovariance technique and the resulting estimator gain are shown to compensate
for an incorrect choice of the source of the disturbance in the disturbance model.
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Introduction

Model Predictive Control (MPC) has emerged as one of
the most important advanced control methods in the chemical
industry." MPC casts the control problem in the form of an
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optimization, which makes it convenient to handle constraints
and nonlinear models explicitly. Most current formulations of
MPC have a state estimator along with the dynamic con-
strained regulator and a target calculator. Nominal asymp-
totic stability for a deterministic linear MPC was shown in
Ref. 2 under the assumption that the model is known per-
fectly and there is full state information. With random distur-
bances, however, the state is no longer known exactly and
one requires dynamic feedback from the measurements to
update the current estimate of the state. The function of the
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state estimator is to reconcile the past and current measure-
ments to estimate the current state of the system. Nominal
stability of the state estimator combined with the regulator
was shown in Ref. 3. The regulator and the target calculator
require estimates of the current state and the disturbance to
make a prediction of optimal control moves over a future ho-
rizon.

Any correlated disturbance that enters the plant and is not
included in the model results in biased predicted states. It is
customary to assume that the disturbance enters through the
inputs or the outputs. The bias can be removed by using the
predicted and measured outputs to estimate the disturbance.
In the target calculator formulation, the state is augmented
with integrating disturbances. The target calculator then
ensures offset free control in presence of unmodeled distur-
bances* by shifting the steady state target for the regulator
depending on the estimate of the bias (under the assumption
that the bias remains constant in the future). The integrating
disturbance can be added either to the input,s’6 the 0utput,7’8
or a combination of both.””'' Most industrial MPC imple-
mentations add the bias term to the output."'? In Refs. 10
and 11, rank conditions that should be satisfied for the dis-
turbance models to ensure offset-free control were independ-
ently derived, and the lack of consensus in the literature on
the choice of the disturbance model was also pointed out.
The examples in these references show significant difference
in the closed-loop behavior of the controller depending on
the choice of the disturbance model. Recently,'? a method
for a combined design of a disturbance model and its ob-
server by solving an appropriate H., control problem was
presented. The results presented in Ref. 13 differ consider-
ably from the autocorrelation-based technique to be discussed
in this article. The autocorrelation-based technique uses
steady state operating data to specify the estimator gain as
opposed to designing the disturbance models for a specified
disturbance.

The main contribution of this article is to show that for
linear models, the choice of the disturbance model does not
affect the performance of the closed-loop when the estimator
gain is found from appropriately identified noise covariances.
The equivalence in the estimator gains is shown by appealing
to realization theory.14 Subsequently, the performance of any
regulator that is a feedback on the current estimate of the
state remains unaffected by the choice of the disturbance
model. The covariances can be estimated from data using
autocovariances at different time lags as shown in Ref. 15.
The state estimator gain thus determined from the estimated
covariances gives optimal closed-loop performance.

The rest of this article is organized as follows: In the next
section the equations for estimation, regulation, and target
calculation in MPC are given. We motivate the rest of the ar-
ticle by examining the consequences of an incorrect disturb-
ance model in the section “Motivation.” In the section
“Model Equivalence,” the equivalence transformation
between arbitrary choices of the disturbance models is for-
mulated. The section “Using Correlations to Estimate
Filter Gain” presents the autocovariance least-squares tech-
nique for estimating the covariances for incorrectly chosen
disturbance models, followed by examples in the section
“Simulation Examples.” Finally, conclusions are presented in
the last section.
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Background

We start with the following discrete time state-space
model of the plant.

Plant

Xpy1 = Axg + Buyp + Gwy,

(1)
yir = Cxp + v

in which x; € R" is the state of the plant at time #; with
inputs u; € R™. y;, € RP is the vector containing the measure-
ments. Both the states and the measurements are assumed to
have Gaussian zero mean white noises wy, Vv, corrupting
them. Let the covariances of wy, v, be O, R,, respectively.
We also assume that wy, v, are not cross correlated. Dimen-
sions of the matrices are A € R™", B € R™", G € R"*,
and C € RP*". The pair (A, C) is assumed to be observable
and the pair (A, B) assumed controllable. Let y; be the set of
controlled outputs that are a subset of the measurements y;
given by y{ = Hy;. In the rest of this article, we assume
without loss of generality that the set of controlled outputs
are the same as the measured outputs with H = [. We also
use the term “measurements” and “outputs” interchangeably
to mean y;. The analysis in this article remains the same
when y; is only a subset of y,.

We assume that the deterministic parameters (A, B, C) of
the plant in Eq. 1 are known/modeled from first principles or
estimated using identification procedures such as subspace
ID'®'7 or prediction error methods,18 and the stochastic pa-
rameters G, Q,,, R, are unknown. Even though the determin-
istic parameters may be known perfectly, unmodeled distur-
bances can enter through the inputs or the outputs and result
in an offset in the controller. A physical example of such a
disturbance is a leak in the feed pipe causing decreased input
flow rate or cooling liquid contamination decreasing the
effective cooling rate. Such a disturbance can often be
adequately described as a integrating white noise with some
small unknown covariance Q; for &.

Unmodeled disturbance in the plant

di =dp+ & 2)

To ensure offset-free control in the presence of unmodeled
disturbances MPC models include an integrating disturbance
entering at either the inputs or the outputs of the system.19’20
Let d; € R" be the integrating disturbance entering the state
through the matrix B, € R"" and the measurement through
C, € R"™"_ The state x in the model is augmented with the
integrating disturbance.

Augmented model
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Figure 1. Block diagram representing parts of the
Model Predictive Control (MPC) scheme.

The structure of the disturbance B, C, is usually unknown
and a general unstructured disturbance model can have distur-
bances entering both the states and the outputs. The condi-
tions on the models B,, C, for detectability and to ensure off-
set free control were proved in Refs. 10 and 11.

In addition to the covariances GQWGT, R,, the covariance
Q¢ of the disturbance & is also required to specify the state
estimator gain. Usual choices for the disturbance model are
as follows:”

(1) B, =0, C,; = I called the output disturbance model, or

(2) B; = B, C; = 0 called the input disturbance model.

The number of disturbances n, has to be chosen as n, = p
to ensure zero offset in all the outputs.'® Note that the input
and output disturbance models have identical minimal realiza-
tions of a #u—y model and both add an uncontrollable, integrat-
ing mode (disturbance). Minimal realizations of both input/
output models are therefore identical.

With Eq. 1 representing the plant, Eq. 2 for the unmodeled
disturbance in the plant, and the augmented model in Eq. 3,
the state estimation and regulation in MPC are described in
the following subsections. The basic block diagram for the
linear MPC scheme is shown in Figure 1.

State estimation

For linear time-invariant (LTI) models like the ones con-
sidered in this article, the Kalman filter is the optimal state
estimator and consists of the set of simple recursive calcula-
tions shown below. Let % be the filtered estimate of the
state x; given data up to #; and %;_; be the predicted state
given data up to #,_;. The prediction equations are

Xp1je = Ape + Bug + Budy

)
dis 1k = dir
and the filtering equations are
S = Kot + Lk — Cypmy — Cadipr) )

dy = dy—1 + La(yk — Cigp—1 — Cadip—r)

where L,, L, are the steady state Kalman filter gains calcu-
lated using covariances GQWGT, Q¢ R, and using the Riccati
equation for the augmented system defined in Eq. 3. For a
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time invariant model the steady state Kalman gains L., L,
are also time invariant.

Py = ALiAy — APC) (CiP.Ch + Rv)’lcaPaAaT
N {GQWGT 0 ]
0 O:
L, = P,CT(C,P.CT+R,)™ (6)

in which, L, = [LT L}]".

Other advanced state estimators, e.g. the Moving Horizon
Estimator, are required when the model is nonlinear or the
system has constraints.”!

Target calculation

To reject the unmodeled disturbances, the target calculator
is used to calculate a steady state target xg, us by solving an
optimization based on the current estimate a?k‘k. If yg, and ug,
are the set points for the output and the input and R is a
positive definite quadratic penalty, the modified steady state
targets x; € R", u; € R™ are calculated at each sampling time
as a solution to the following convex quadratic programming
problem as shown in Ref. 4:

T

min (ug — ) Ry (15 — ugp) (7a)

Xg,Us

subject to,

{I—A —B} {x} _ Bady (7b)
¢ 0 | [us —Cydy + Ysp
and inequality constraints on xg, Us.
The above optimization has a feasible solution whenever
the inequality constraints in Eq. 7b are not active. Both the
objective function Eq. 7a and the inequality constraints (to

include slack variables) are modified when there is no feasi-
ble solution.*

Regulation

The receding horizon formulation for the regulator in
MPC is given as the quadratic objective function with the
model constraints and penalties Q > 0, R > 0. The state and
the input are penalized for deviations from the steady state
targets calculated from Eq. 7a.*

KN,
min > (& — ) 0 — ) + (1 — ) R (u; — u5)
U - sUN, =

®)

subject to, )2_/#1\/( = A)Z']‘k + BM, + dek\ka j > k.

The state and input constraints are not shown in the above
formulation for ease of notation. Inclusion of the constraints
does not change any of the analysis that follows. Here, the
control horizon and the prediction horizon are taken to be
the same: N..

Remark 1. Note that the state estimation in the subsection
“State Estimation” requires knowledge of the covariances
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GQWGT, Q¢ R, and the target calculation in the section
“Target Calculation” requires the structure of the unmodeled
disturbances given by the matrices B,;, C,. In general, none
of these are known from first principles modeling. The ideal
choice of B,, C, is one that accurately represents the unmod-
eled disturbance in the plant. The choice of the disturbance
model has been the subject of research?>2* (also see Ref. 25,
chapter 5). These studies assume that the covariances
G0,G", Qg R, are known and the models B, C, are
unknown. However, in the sections “Model Equivalence”
and “Using Correlations to Estimate Filter Gain,” we show
that if an incorrect choice for B,, C; is made, then the cova-
riances GQ,,G", Q¢ R, estimated from data are within an
equivalent transformation such that the particular choice of
B,, C, has no effect on the closed-loop performance.

Motivation

The rules for choosing the penalties O, R for the regulator
are well researched and based on intuitive reasoning (see, for
example, Ref. 26, chapter 6). The estimator on the other
hand requires knowledge of the disturbance covariances
GO,,G", R,, Q¢ and the disturbance models B,, C,. Consider
an unconstrained single input single output plant with the fol-
lowing values for the parameters:

A=05 B=05 C=1, y;;, =038

Let a deterministic unmodeled disturbance of magnitude 1
enter the input at sampling time 3 and is measured at sam-
pling time 4. Let there be no other noises affecting the plant:
GQwGT = 0, R, = 0. An incorrect choice of the MPC dis-
turbance model would be B, = 0, C;, = 1 modeling the dis-
turbance as entering at the output. The actual plant model on
the other hand is B, = B = 0.5, C, = 0 (the input disturb-
ance model).

We now compare the closed-loop performance for the
incorrect disturbance model against the plant disturbance
model. The regulator is chosen to be the LQR with penalties
QO = 1, R = 0 and penalty Ry = 1 for the target calculator. If
the covariances GQWGT, Q¢ R, were assumed to be known
then the optimal state estimator is the deadbeat Kalman filter
gain for the input disturbance model calculated by substituting
GQWGT =0,R, = 0, Qs # 0 in the Kalman filter Eq. 6. The
deadbeat Kalman gains for the input disturbance model is

L, = B} and for the incorrect output disturbance model is

L, = {ﬂ The control law is the same both cases and given

by the LQR feedback: u; = K (% — xs). The rejection of the
deterministic disturbance in the two cases is show in Figure 2.
With the input disturbance model, the disturbance in the input
is estimated and rejected much more quickly than when using
the incorrect model although the same covariances GQwGT,
R,, Q; are used in the calculation of both the state estimators.
The sluggish behavior of the output disturbance model and the
decrease in closed-loop performance is due to the choice of
the disturbance model and the chosen estimator gain. A simi-
lar difference in the performance with the incorrect choice of
the disturbance model was noted by many others.'#22%:27
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Figure 2. Disturbance rejection using two disturbance
models.

Since we usually lack knowledge about the structure of
the unmodeled disturbances (matrices B, C,), the only other
handle to change the input-output performance is the estima-
tor gain L. Once the choice of the disturbance model is fixed,
we can use a data based technique that estimates L such that
the closed-loop performance is not affected by the choice of
the disturbance model (Section “Using Correlations to Esti-
mate Filter Gain”). For example, if in the above problem,
the choice of the disturbance model is already fixed incor-
rectly as the output disturbance model, then a transformation
of the covariances GQwGT7Qé,RV can be estimated from
data to give the same closed-loop performance as achieved
using the input disturbance model and the original covarian-
ces.

Model Equivalence

The choice of the disturbance model for offset-free control
in MPC is often ambiguous with no real guidelines available.
In Ref. 28, a min-max problem is solved to find the best per-
forming disturbance model. Most industrial MPC implemen-
tations such as IDCOM,’ DMC,8 and QDMC29 use an output
disturbance model to remove offset. The choice of the output
disturbance model has been criticized in the literature as
being sluggish in rejecting disturbances [Refs. 22 and 25
(chapter 5)]. In this section we show that for LTI systems,
disturbance models are equivalent as long as the estimator is
determined with the appropriate covariances.

Remark 2. It is interesting to examine some of the early
history of disturbance modeling. Box and Jenkins clearly
pointed out that one can identify equivalent disturbance mod-
els that represent different disturbance sources by what they
call “transfer of disturbance origins” (see Ref. 30, p. 469).
Note that interested readers must obtain the first edition,
because in the third edition’' this terminology and entire dis-
cussion had been deleted. They also pointed out that identify-
ing a disturbance model with data collected in a fashion that
does not include all relevant disturbances that are encoun-
tered in closed-loop operation does not produce an optimal
control because the disturbance model consequently has signifi-
cant error. They recommend using closed-loop identification
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(Ref. 30, p. 471) to avoid the accidental neglect of disturb-
ance sources.

In this work, we are emphasizing again Box and Jenkins’s
conclusion that one is free to choose the source of the dis-
turbance in the disturbance model, and one naturally requires
data that include all relevant disturbances. It is irrelevant,
however, if these data are collected under closed-loop or
open-loop control. Also, we are not interested in identifying
the disturbance model, which was the primary focus of Box
and Jenkins’s earlier work. We fully expect the practitioner
to employ an integrated white noise disturbance model to
represent essentially all of the plant disturbances. The moti-
vation is to remove steady offset in the closed-loop system
output, not to capture an accurate dynamic model of the true
disturbance. A contribution of this article therefore is to pro-
pose and show that such rough disturbance models are often
completely adequate to handle disturbances entering from
other sources with different dynamics, if one estimates the
statistics of the driving noise from data.

Consider two choices of the disturbance models (By;, Cyar)
and (B, C,») satisfying detectability conditions. If n, is the
dimension of the disturbance vector, the assumption of
detectability implies:'®

A—-1 By
C Ca

A—1 Bp

rank [ c Cp

}:njhnd7 rank[ }:n+nd

(C))

Note that if the disturbance in the actual plant is not de-
tectable, the state estimator is defined for a transformed,
lower dimensional model that is detectable.

The systems augmented with the disturbance model are
simple nonminimal realizations of the same unaugmented
model where d, is an uncontrollable state. The augmented
systems with the two general disturbance models can be writ-
ten as follows:

Model 1:
M R
= Uur
d' k+1 0 7 d' k 0 ‘ ] <y
——— ——
Ay I
!
yk:[C Cd1]|: 1:| “+ Vi (10)
c a1y
Model 2:
el Lo Ile) o [o]wret]
= Uy 2
& k+1 0 I & k 0 <y
Ay B,
2
ye=|[C Cd2}|: 2} + i (11)
T d r

If the two models have the same input to output relation-
ship, there exists a similarity transformation matrix 7, such
that
CT'=0C,,

TAT™' = A, TB, = B, (12)
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Also for Models 1 and 2 the unknown stochastic parame-
ters G; and G, must satisfy:

G, = G, (13)

Lemma 1. If the augmented models in Eqs. 10 and 11 are
assumed to be detectable, the transformation relations in
Eq. 12 can be expressed equivalently as

A—-1 de T12 Bdl
Ty =1, = , T =0
! |: C Cd2:| |:T22:| |:Cdl :| .

where, T is partitioned as (with appropriate dimensions):

Ty Tn
T =
|:T21 Tzz}

Proof. The proof is given in Appendix A. O
Theorem 1. For the two augmented models in Egs. 10 and
11 and satisfying the detectability condition in Eq. 9, a trans-
formation matrix T satisfying the relations in Eq. 12 exists
and is unique if and only if the following condition holds:

A—I By Ba

ank
ran C Ca Cp

=n+ny (14)

Proof. The proof follows from the relations in Eq. 12
expressed equivalently from Lemma 1 and the detectability
conditions in Eq. 9. O

Note that for zero offset in all the outputs y,, we need
ng = p. The condition in Theorem 1 is then automatically
satisfied for all detectable disturbance models.

Remark 3. Notice that we are considering a known and
fixed minimal input—output realization of the triple (A, B, C).
The LQR cost in Eq. 8 then remains unchanged for the two
nonminimal augmented models in Eqs. 10 and 11 related by
the conditions given in Lemma 1.

Special case of equivalence

For an input disturbance model we have B, = B and C,; =
0 and for an output disturbance model we have B, = 0 and
C, = I. For these particular choices of the disturbance mod-
els with n; = m = p, we get the following transformation
matrix:

Model 1: Bdl = B,Cd1 = 0; Model 2: de = 0, Cdz =1

I (A-D"'B

T =
0 —C(A-1)"'B

5)

Remark 4. Note that when A has an integrator, the inver-
ses above are not defined. In this case the output disturbance
model is not detectable and fails Theorem 1. This has been
long known in the literature as a potential problem with
industrial MPC implementations such as IDCOM, DMC,
QDMC, which use a constant output step disturbance
model."'"*? Various other fixes have also been suggested in
the literature.”*~3°
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Equivalent closed-loop performance

Given Models 1 and 2 related by the equivalence transfor-
mation matrix 7 satisfying the relations in Eq. 12, from real-
ization theory14 equivalent closed-loop performance for the
two models implies that given a sequence of control actions
{uy, ..., u—1} and noise sequences {wy, ..., wi—1}, {<1,

., &1} and {vq, ..., v}, then the output sequence from
the two models: {yy, ..., y} are the same. When these mod-
els are used in MPC, the noises wy, &, v, are unknown.

If L, and L, are the state estimator gains (not necessarily
the Kalman filter gains) for Models 1 and 2, then equivalent
closed-loop performance implies that given the inputs {u,

., Ur—1} and outputs {y;, ... , Y}, the innovations
sequence {)Yi, ..., YV} are the same, where YV, = (y, —
yAk‘kfl). The innovations for the augmented system in Eq. 3
are given by Egs. 4 and 5:

X X N
5 =Ad| 5 + Batty + AaLa (ye — Fxi—1)
Py Kk—1

Vi = we —caH (16)
Klk—1

Lemma 2. Given a set of measurements {y;, ... , yi} and
inputs {u;, ... , w—;} and the two disturbance models in
Egs. 10 and 11 related to each other through the unique
transformation matrix T satisfying Eq. 12, the innovations
sequence defined as Vi = (yr —j}k‘kfl) are the same for the
two models if and only if the state estimator gains (can be
suboptimal gains) satisfy the relation:

L, =TL, (17)

Proof. The proof follows using simple algebraic manipula-
tions using Eqgs. 10 and 11 in Eq. 16 and the transformations
in Eq. 12. O

Remark 5. Since Lemma 2 makes no assumptions on the
optimality of the estimator gains L; and L,, the result also
holds when the optimal Kalman filter gains are used instead.

For the Kalman filter, the calculation of the estimator
gains follow from the Riccati Eq. 6.

For Model 1:

Py = AP AT — A P,CT(C P CT +R)'CIPIAT + G1Q.GT
L, =P, CI(C,P,CT+R,) (18)

and for Model 2:

Py = AyPAY — AP, CY(CoP,CY + R,) ' CoP2AT + G20.G
L, = P,CY(C,P,CY +R,)™ (19)

in which,

fo. 0
Q“_{O QJ

To obtain optimal closed-loop performance, we need to
know the transformation matrix T relating the plant disturb-
ance model to the controller disturbance model in addition to
the original covariances Q,, R,. Since the disturbance in the
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plant is unmodeled and the source unknown, the transforma-
tion matrix 7 is also unknown. Hence, the transformation in
the state estimator gains as shown in Eq. 12 cannot be used.
However, using Eqs. 18 and 19 we see that if covariances
G,0,GT, R, for Model 1 and G,0,G2, R, for Model 2 are
used to calculate the Kalman filter, where TG, = G,, then
Eq. 12 is satisfied.

Thus, if the covariances GlQaGlT, R, can be estimated
from data, then without knowing the transformation matrix
T, Model 1 with estimator gain L, performs equivalently in
closed-loop as Model 2 with estimator gain L,. The choice
of the disturbance model is then irrelevant to the closed-loop
behavior.

Using Correlations to Estimate Filter Gain

Again consider the plant given by a LTI state-space model
as shown in Eq. 1:

Xr+1 = Axy + Buy + Gwy, 20)
Vi = Cxp + v

Let d; be an unmodeled integrating white noise disturb-
ance entering the plant through the disturbance model struc-
tures B, Cg4p. The augmented plant model is then given by:

xP B A By | [¥ B G O][w
{dﬂ]kﬂ_[o I Hdi’L+[0]”k+[o I]Mk
N—— N~~~ ~——

Ap B, G,
xP
yk:[C Cdp}|: :| “+ Vi (21)
—— | dP x
Cp

Since knowledge of the disturbance structure is unknown,
assume the disturbance model in MPC to remove offset is
incorrectly chosen to have the structure B, Cy,:

fr u m .
d" Jin 0 I Jla"], LO ' ¢ lk
——— ——
An B,

Y = [C Cdm} |:
—_——

C

m

am :| k+ Vi (22)

The superscripts p and m are used to denote states for the
actual plant and the model respectively. Assume that the con-
ditions in Theorem 1 are satisfied and there exists an
unknown transformation matrix 7 that connects models in
Egs. 21 and 22 through the relations in Eq. 12. Then the fol-
lowing holds from realization theory:

X x" —1 —1
T{dl’} = {d’”} , TA, T =A,, CIT =C, (23
k k

We assume (A, B, C) to be known from some system iden-
tification scheme, the stochastic parameters G, O, Qg R,
are unknowns and B, C,, are incorrectly chosen.

Given some arbitrary (stable, perhaps suboptimal) initial
estimator L, the state estimates given the incorrect model are
given by:
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|:)Z’”:| A l:)E'”:| + Byup + AL C |:)€”':|
5 =Am| 5 Uy m Ye = Cm| 4
ar k+1lk ar k|k—1 ! ar klk—1

. X"
Yilk—1 =Cn sz (24)
klk—1
If the innovations sequence are given by Vi = y, —

Vije—1» using Egs. 21 and 24, we get:

xP X"
yk:C7|: :|_Cm|:ﬁ:| +Vk
"L, d" klk—1

. . =
If the estimate error is defined as ¢, = , sub-
klk—1

. . dm o dm
stituting from Eq. 23, we get: k
Vi = Cper +wi
We can then write the evolution of the state estimate error

by subtracting the plant Eq. 21 from the model in Eq. 24 and
using the transformations in Eq. 23:

w
&1 = (A — AuLCp) & + [TG, —AuL] | &
A G v k
Vi = Ctr + v (25)

We define the autocovariance as C; = E [yky{ +j}, the expec-
tation of data at different time lags (Ref. 37, p. 146). Using
Eq. 25 we can write the following expectation of covariances:

E[Y]] = C,PCL +R, (26)
E[ViiiVi] = ChlPCY — CuA'ALLR,, j>1 (27

which are independent of k& when we assume that data are
collected when operating at steady state. Again using Eq. 25
we note that P = E[akskT,] the steady state estimate error co-
variance satisfies the Lyapunov equation:

. , 07_
P = APAT + TG, —A,L] [Q }GT,
R 0 R,
Ow 0
0 Q¢
A computation of the first column block of the Autocovar-

iance Matrix of innovations process over some user defined
. . 5
window N then gives:'>~"

where Q, = [ ] (28)

F e
C
Ri(N) = :
| Cn1
[ Cn I
CnA . —CAnL
= . PC,, + . R, (29)
| C, AN —C, A" A, L
@] T
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Figure 3. Disturbances entering the inputs.
Define the following covariance product:
0 £ 7G,0,GIT"

Notice that in the above Eq. 29 with P given by Eq. 28,
the only unknowns are the transformed covariance @ and R,.
If Ri(N) is an estimate of R;(N) from data, then using prop-
erties of Kronecker products,3 240 e can express Eq. 29 as a
weighted least-squares problem in a vector of unknowns
(Q),, (R))s. Here, the subscript “s” denotes the column-wise
stacking of the elements of the matrix in a vector. We can
further add semidefinite constraints to ensure the covariances
to be positive semidefinite. We then get the following convex
optimization problem:

2

o (@), ] _
D= g}en A{(Rv)s b ; (30)
subjectto, @ > 0, R, > 0, Q=Q" R, = RT
where
A=A A]

A = [(Cm ® O)(](n+nd)2 —-A ®A)_1]

Ao = [(Cn @ O)Ujyupyp = AS A (AnL @ AnL) + (1, & T)]

31

The A matrix is found using the system matrices and(thg
initial estimator gain L. The matrix R;(N) contains the esti-
mated autocovariances from data and the vector b is defined
as b = (Ri(N))s. The estimation method in Eq. 30 will be
referred to as the autocovariance least-squares (ALS) tech-
nique in the rest of this article. For more details about the
ALS technique, interested readers are referred to Ref. 38.

Theorem 2. If A has full column rank then in the limit of
large data: Ny — oo, where Ny is the length of the innova-
tions sequence used to estimate Ry(N), the ALS technique
gives  unbiased  estimates  for  the  covariances:
limy, e @ — TG,Q,G}T" and limy, ..o R, — R,.

Proof. See Ref. 15 for proof, showing that the estimates
are unbiased. |

Lemma 3. If covariances TGPQ,,GTTT and R, are used to
calculate the Kalman filter for the incorrect disturbance

February 2009 Vol. 55, No. 2 AIChE Journal



Table 1. Equivalence in the Estimator Gains Identified from Data

Deadbeat Estimator

ALS Estimator Gain

Transformation of the Estimator Gain

—1 1.24

0 =212

Input DM Lop = 0 —0.88
1.58 —1.96

0 2.18
0.58 —0.72

0 2.51

Output DM TLop = 0 7.15
1.58 241

0 2.18

—-0.891 L.11
—-0.08 —1.95
Lip= | —0.05 —0.93
144 —173
0.1 2.0
0.59 —0.75
0.16 230
Low= |034 6.88
1.68 231
0.1 204

T

[—0.88 1.01
—0.06 —2.03
Lo = | —0.04 —0.61
145 —1.76
| 01 204
[0.55 —0.62
0.12 229
TLiyp = | 031  6.42
1.64 227
| 0.1 2.00

model in Eq. 22, then the resulting innovations sequence is
the same as when using the optimal Kalman filter with the

actual plant disturbance model in Eq. 21.

Proof. Substituting TG,,QL,G;TT and R, in the Kalman fil-
ter Eq. 6 for the incorrect model in Eq. 22 and using the

transformations in Eq. 23, we get:

L, =TL,

Equivalence and optimality of the innovations sequence
then follows from Lemma 2 and noting that L, is the opti-

O

mal Kalman gain for the disturbance model in Eq. 21.

Thus, even when the disturbance model is chosen different
from the actual plant disturbance location, the ALS technique

can be used to estimate transformed covariances such that the

closed-loop performance is equivalent to that achieved using
the optimal filter and the actual plant disturbance model.

Necessary and sufficient conditions for uniqueness of the
ALS problem in Eq. 30 are proved in Ref. 38. The advan-
tages of using the ALS technique to estimate the covariances
as opposed to the maximum likelihood technique are detailed

41 (chapter 4) and 42.

0.4 T

in Ref. 41 (chapter 6). The modification of the technique
when the cross-covariances is nonzero is addressed in Refs.
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Table 2. Closed-Loop Benefits When Using the ALS Technique

Initial ALS Benefits
Input Disturbance Model Z)CTQ)C N/A 15.76 N/A
S (u—us) R(u— us) N/A 1.82
Total N/A 17.58
Output Disturbance Model Zngx 34.48 15.60 ~49%
S(u—us) R(u — us) 0 1.69
Total 34.48 17.30

Simulation Examples

The following examples illustrate the ideas developed in
the previous sections. Closed-loop performance of a pure
input disturbance model (B, = B, C, = 0) is compared with
the pure output disturbance model (B; = 0, C; = I,,) for the
following MIMO system (n; = p in both models):

2
[yl} _ o 341 {m}
y2 0 wiem | Lie

A minimal state-space realization (discrete time with a
sampling time of 1 sec) gives

0.368 0 0 —0.632 0
A= 0 0455 0.050(, B= 0 —-0.971 |,
0 0.453 0.629 0 —0.401
C— -1 -0471 -0.272

0 —-0471 0

Deterministic disturbances

In the plant, deterministic unmodeled disturbances are
added to both the inputs as shown in Figure 3. The distur-
bances entering are of different magnitude and are uncorre-
lated. Other stochastic disturbances are absent in the simula-
tion: Q,,, R, = 0. An input disturbance model is an accurate
description of the unmodeled disturbance in the plant. The
optimal state estimator is the deadbeat estimator with the
gain calculated by using G =1, 0,, = 0, R, = 0, Qs # 0 in
the estimator Riccati Eq. 6. The deadbeat estimator for the
input disturbance model is given as follows:

—1 1.24
0 =212

Li=| 0 -088
1.58 —1.96

0 2.18

On the other hand, if the disturbance is incorrectly mod-
eled as entering entirely in the output (the output disturbance
model), the same covariances G = I, Q,, = 0, R, = 0, Q: #
0 give the following deadbeat estimator gain:

L,

I
o~ ocoo
—cocoo

404 DOI 10.1002/aic
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The controller penalties used in Eq. 8 were Q = I, R = I
The initial data were simulated with the output disturbance
model (incorrect) with the above initial suboptimal estimator
gain. The data were then processed using the ALS technique
from the previous section to estimate (transformed) covarian-
ces GQaGT, R, and then used to calculate the estimator gain.
The computation times were less than 5 s in both cases run-
ning Octave on a standard AMD-64 desktop. The estimator
gains from the different cases are presented in Table 1. The
optimum gain is the deadbeat estimator with the input dis-
turbance model. As seen in Table 1, using the ALS tech-
nique, the estimator gains are close to the optimum values,
even when the incorrect disturbance model is used. A snap-
shot of the performance of the closed-loop with the different
models and estimator gains are shown in Figure 4.

As seen in the Figure 4, once the estimator gain is calcu-
lated from the covariances estimated using the ALS tech-
nique, the inputs and the outputs become equivalent and thus
indistinguishable using either of the disturbance models.

The closed-loop cost benefits for the deterministic distur-
bances shown in Figure 3 can be easily calculated and is pre-
sented in Table 2. (The closed-loop performance values pre-
sented in Table 2 are not identical for the two models
because the ALS technique is data based and depends on the
length of the data set and the tolerances set in the semidefin-
ite programming algorithm. As shown in Theorem 2, the esti-
mates are unbiased in the limit N; — 00.).

Stochastic disturbances

Instead of the deterministic disturbance, in this section we
consider slow-moving integrated white noise disturbances
entering each input as shown in Figure 5. The actual plant

Disturbance entering input

-3
0 500 1000 1500 2000 2500 3000 3500 4000 4500 500C
time, sec

Figure 5. Disturbances entering the inputs.
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Figure 6. Closed-loop performance of the estimators with gains calculated using the ALS technique (D.M. is dis-

turbance model).

disturbance model in this case is again the input disturbance
model and the output disturbance model performs poorly
without the covariance estimates using the ALS technique.
The covariance of the integrating disturbances is Q: =
1071, In addition, the inputs and the outputs are corrupted
by zero-mean Gaussian white noise having covariances
0. =10"*, R, = 107°].

The estimator gains for the input and the output disturb-
ance models were calculated separately using the ALS tech-
nique (Eq. 30) from the same data set and a snapshot of the
performance of the two disturbance models is shown in Fig-
ure 6. Again the inputs and outputs perform in a similar
manner irrespective of the disturbance model chosen once
the ALS technique is used to calculate the estimator gains.

The comparison between the expected closed-loop costs
(see Appendix B for calculation of closed-loop cost) for the

Table 3. Expectation of Closed-Loop Cost for Different
Estimator Gains

Expectation of the Initial ALS

Closed-Loop Cost  (X10%  (X10%  Benefits
Input DM ElxTOx; + ulRuy) N/A 1.817 N/A
Output DM E[x;Ox, + ujRu,] 5659 1.897 66.5%

Optimal cost is 1.788 X 10~*. See Appendix B.
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three cases is presented in Table 3. Note that the optimal
closed-loop cost is 1.788 X 10~ %

Conclusions

Although the choice of the disturbance model for offset-
free MPC has been the subject of active research, the choice
of an appropriate estimator gain for the disturbance model
has not been studied until recently.'>** The focus of most of
the research has been to design appropriate disturbance mod-
els to accurately represent the actual plant disturbance source
while assuming that the estimator gain is known. In the sec-
tion “Model Equivalence” it was shown that since different
augmented disturbance models are nonminimal realizations
of the same input—output process, there exists estimator gain
matrices for each disturbance model that achieve the same
closed-loop input—output performance.

In the section “Using Correlations to Estimate Filter
Gain,” an ALS technique was presented to estimate the cova-
riances of the disturbance model from steady state data
(closed or open loop) irrespective of the true disturbance
source. The estimation of these covariances and hence the es-
timator gain was shown to compensate automatically for the
incorrect choice of the model’s disturbance location. Exam-
ples were presented to show the benefits of using the ALS
technique to estimate the covariances and to illustrate the
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equivalent closed-loop performance using different disturb-
ance models.

A direct implication of the results presented in this article
is that an industrial practitioner can model the disturbance as
an integrator at any location in the plant but then use the
autocovariance of the data to estimate the disturbance cova-
riances to calculate the estimator gain. The control perform-
ance using this rough disturbance model and data-based esti-
mator gain is often comparable to that obtained using a dis-
turbance model that accurately represents the true plant
disturbance. Modeling effort can then be directed to obtain-
ing the estimator gain from data rather than trying to model
accurately the dynamics of the unknown disturbance, which
is a much more complex modeling task.
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Appendix A: Proof of Lemma 1

Since the pair (A, C) is assumed observable, we have rank

{Agl} = n. From the detectability conditions in Eq. 9 we
then get:
Ba B
rank =ny, rank =n, Al
[ Cui ] d { Ch } i (A1)
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Substituting 7 partitioned as T =
equivalence relations in Eq. 12 we get:
(1) Equivalence between the augmented input matrices:

{Tn T

into the
Ty Tzz}

1B, = B,
= TB =8B, T,:B=0

Since T is an invertible transformation matrix, the diag-
onal block 7T, is also invertible. This implies:

Th=1 (A2)
(2) Equivalence between the augmented state matrices:

TA|, = A, T

Ti (A3)

=[A —Ide]{ } =Ba1, BapTa =0
T
(3) Equivalence between the augmented output matrices:

Cy =C,T

T
= [C Ca2] {TZ] =Cqi, CpTy =0 (A4)

Using Egs. A3 and A4 we get:

A—-I Bp||Tn Ba B
= , T, =0 AS
ot allm]-[E) el e
Using the rank condition in Eq. Al in the above equation
implies:
T, =0 (A6)

Putting Eqs. A2, A5, and A6 together, we get:

Ty =1, [A_I de}[Tu]:[Bdly T, =0

C Cap|l|Txn Cai
O
Appendix B: Closed-Loop Cost
Let the model of the plant be given as follows:
Xpr1 = Axp + Buy + Gwy, (B1)
Vi = Cx + vy (B2)

where, w; and v, are the noises corrupting the state and the
measurements and having covariances Q,, and R,, respec-
tively.

A linear estimator (not necessarily optimal) for the state
has the following form:

Kpk—1 = Al + Buy (B3)

Tk = Fup—1 + Lk — Clype—1) (B4)

where Xy is the filtered estimate given the measurements
and inputs up to time #; and %_; is the predicted estimate
given measurements and inputs up to time #;_;.

The deterministic LQR objective is given as follows:

D = Zx,\T,ka + 1} Ruy
k=0

giving the feedback law u; = K. For the stochastic case,
the objective can be defined as

(B3)

1|
O = lim —FE XTka + ul Ruy
N.—o0 NC |:; k k

The closed-loop cost for the continuous time state-space
model is derived in Ref. 26 (p. 220). Simple algebraic
manipulations on Eqs. B1 and B3 give the following aug-

0 A—LCA

mented system:
Xk
fk\k — Xk
A

G 0 Wy (B6)
+{@an J[w}
| S S —
G

}_[A+BK o

Xk+1
M 1fk+1 — Xk 1

The covariance matrix for the augmented system:

St S Xk [ T T T}
S= =E||. — B7
[SE Szz} Hmk —MJ e e ®7
S is given by the following Lyapunov equation:

S:ASATJFG{QOW IS}G‘T (B8)

The closed-loop cost in Eq. B5 can now be written as fol-
lows (using rules for trace and expectations):

IR
D= th ]VE [ZXZQX" + u{Ruk}

e fNe k=0

N R .
= m S Q)+ KR )

R T T
— Nlli“ooﬁc /; tr[0S11 + K"RK(S11 + S12 + ST, + S2)]
= tr[0S11 + K'RK(S11 + S12 + 1, + S2)]
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